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Abstract
the development of nonabelian gauge fields for last 60 years is reviewed.
The new method of quantization of gauge fields applicable beyond perturba-
tion theory is proposed.
1 Introduction.
Most people, presented here, hardly realize the situation which existed in high energy
physics at 50-60- ties.
The Standard model and Weinberg- Salam model did not exist and even the
question what are the particle which transfer the interaction was not clear.
Classical gauge fields, introduced by Yang and Mills ([1]), gave the answer to
this question.
It is postulated in the field theory that any particle is described by the field,
which for any x belongs to representation of semi simple compact Lie group, that is
if ω(x) is a function with values in the gauge group Ω
ψ(x)→ ψ(x)ω = Γ[ω(x)]ψ(x) (1)
The symbol Γ denotes the matrix of the representation according to which the field
ψ transforms. The field configurations ψ(x), Aµ(x) and Γ[ω(x)]ψ(x), A
ω(x)
µ describe
the same physical situation. This principle is called the relativity principle in the
charge space. It allows uniquely to introduce the interaction by changing in the free
Lagrangian the usual derivatives by the covariant ones,
∂µ → Dµ = ∂µ − Γ(Aµ) (2)
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In physical language Aµ(x) is called the gauge field. The function Aµ(x) may
be presented as a sum Aµ(x) = A
a
µ(x)T
a, where T a are the generators of the gauge
group, which can be normalized as follows
tr(T aT b) = −2δab (3)
Then
[T a, T b] = tabcT c (4)
where tabc are absolutely antisymmetric structure constants. It describes the parallel
transport in the charge space. From the point of view of mathematics the Yang-Mills
field is the connection in the principle bundle. Under the gauge transformation it
transforms as follows
Aµ → Aωµ = ω(Aµ)ω−1 + ∂µωω−1 (5)
It is interesting to note that the notion of connection appeared in mathematics
almost simultaneously with physics. The first mathematician who introduced this
notion was Lihnerovich ([2]).
The free Lagrangian for the Yang-Mills field is the square of the curvature tensor
L =
1
8g2
tr(FµνFµν) (6)
Fµν = ∂µAν − ∂νAµ + [Aµ, Aν ] (7)
This Lagrangian obviously describe the massless field. It prevented for a long time
its using for description of weak interactions, which are known to be short range,
that is correspond to the exchange by the massive particle.
In the works by P.Higgs ([3], F.Englert and R.Broute ([4]) it was shown how
one can introduce the mass term for the vector field preserving the gauge invariance
of the model. To do that one should introduce the gauge invariant interaction
of the scalar field with a special potential, generating the spontaneous breaking
of the global symmetry of the model, but preserving the gauge invariance. The
corresponding Lagrangian for the group SU(2) looks as follows
L = (Dµϕ(x))
∗(Dµϕ(x)) +m
2(ϕ(x))∗(ϕ(x))− λ(ϕ(x)∗ϕ(x))2 − 1
4g2
F aµνF
a
µν (8)
The potential
− V = m2ϕ∗(x)ϕ(x)− λ(ϕ∗(x)ϕ(x))2 (9)
where
ϕ(x) = (
iB1 +B2√
2
;
σ − iB3√
2
) (10)
is unstable and generates the spontaneous breaking of the goobal symmetry respon-
sible for the conservation of the charge of the field ϕ. From the formal point of
view the fields ϕ acquire the imaginary mass. To develop the perturbation theory
one should shift the fields σ by the constant ϕ → ϕ + C. Here C is a constant
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doublet with zero first component and real second component. Clearly the shift of
the fields by constant cannot break the gauge invariance of the theory, but the form
of transformations change.
Before the change of variables the gauge transformation of the fields ϕ was a
phase transformation but after the change it includes the shift by arbitrary function,
and ϕ together with the field Aµ(x) plays the role of a gauge field. Under the shift
of the field ϕ by a constant the term (Dµϕ)
∗(Dµϕ) generates the mass term for the
vector field.
The main merit of H.Higgs and F.Englert and R.Brout is the fact that they
showed how to introduce the vector field mass without breaking the gauge invariance.
One can notice that both papers appeared in 1964, and the correct quantization
procedure for nonabelian gauge fields was constructed by L.Faddeev and V.Popov
([5]) and independently by B. DeWitt ([6]), three years later. For that reason
strictly speaking H.Higgs and F.Englert and R.Brout solved the problem only in
Abelian case. For nonAbelian fields the corresponding procedure was constructed
by T.Kibble ([7]), following the same ideas.
The gauge invariant action describes the constrained system, which does not
allow to apply directly the methods based on the Hamiltonian character of the
action.
A =
∫
dx[pq˙ −H(p, q) + λaCa] (11)
The first people who succeeded to construct the Lorentz invariant diagram technik
for the Yang-Mills field were L.Faddeev and V.Popov and B.DeWitt. They reduced
the constrained system, describing the gauge field, to the really Hamiltonian system,
described by the Hamiltonian H∗ , solving the constraints and applying the suitable
gauge conditions. H(p, q) → H∗(p∗, q∗). These methods may be used as for the
systems without spontaneous symmetry breaking and for the spontaneously broken
systems ([8]). But later the other methods of quantization were proposed.
I have in mind the methods based on the BRST symmetry of the effective action
([9]), ([10]). These methods do not appeal for their justification to the non relativistic
Coulomb gauge, and allow to work always without breaking the manifest Lorentz
invariance. They also are easily generalized to more complicated gauge invariant
systems, such as strings. Moreover, as I am going to show these methods may
be applied beyond perturbation theory as well. All the methods developed so far
strictly speaking are applicable only in perturbation theory.
The construction of manifestly Lorentz invariant local formulation of QED is
impossible without introduction of the vector-potential Aµ, which describes not only
physical excitations corresponding to three dimensionally transversal components,
but also the longitudinal and time-like photons. At the same time the action of
electromagnetic field is gauge invariant. Such situation is typical for the field theory-
one introduces the unphysical degrees of freedom, and simultaneously introduces a
new symmetry, which provides their decoupling. It is used for example in the BRST
quantization of gauge systems.
We shall use this idea for the construction of the quantization procedure of
nonabelian gauge fields, free of ambiguity beyond perturbation theory ([12], [13],[14],
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[15], [16],[17]).
The procedure of quantization of gauge fields includes the hypothesis, that if
the gauge condition is imposed, the Cauchi problem for the gauge field becomes
uniquely solvable. It is true for QED, based on the Abelian group U(1). Choosing
the Coulomb gauge ∂iAi = 0, i = 1, 2, 3 we see that any gauge transformed field
must satisfy the equation
∂iA
ǫ
i = 0 = ∂iAi +△ǫ = 0 (12)
The condition ∂iAi = 0 is fulfilled therefore we must have △ǫ = 0, that is ǫ is
a harmonic function. The harmonic function has an extremum at the boundary,
therefore ǫ = 0.
Let us pass to the nonabelian group SU(N) In the Coulomb gauge the field Ai
must satisfy the equation ∂iA
ǫ
i = 0. For infinitesimal ǫ it follows
△ǫa + gtabcAbi∂iǫc = 0 (13)
It was noticed by V.Gribov([11]), that this equation has nontrivial solutions van-
ishing at spatial infinity. Therefore the uniqueness of the solution of the Cauchi
problem is broken. It does not influence the perturbation theory. In this case the
eq.(13) has only trivial solution. If one ignores this problem the transition from
one gauge to another becomes singular. The problem of quantization of nonabelian
gauge fields beyond perturbation theory remained open.
The problem of Gribov ambiguity may be avoided using the alternative method
of quantization, based on the equivalence theorems for spectrum changing transfor-
mation. Here the technic of BRST quantization is heavily used.
We shall apply this technique to the Yang-Mills theory
L =
1
8g2
tr(FµνFµν) (14)
This theory is equivalent to the theory described by the Lagrangian
L˜ =
1
8g2
tr(FµνFµν) + (Dµϕ+)
∗(Dµϕ−) + (Dµϕ+)(Dµϕ−)
∗
−[(Dµb)∗(Dµe) + (Dµe)∗(Dµb)] (15)
Here the fields ϕ± commute and b, e are anti commuting elements of Grassman
algebra. Indeed integrating over ϕ±, b, e in the sector which does not contain these
fields in the asymptotic states, we get the usual Yang-Mills theory. Of course one
should prove that the theory is unitary in this sector. This Lagrangian produces
more excitations than the standard Yang-Mills Lagrangian, but it also possesses the
additional invariance. It is invariant with respect to supertransformations
δϕ− = bǫ; δe = ϕ+ǫ (16)
Obviously this invariance is preserved if we perform before the shift of the fields ϕ−
ϕ− → ϕ− +m (17)
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This symmetry leads to decoupling of excitations corresponding to the fields ϕ±, b, e.
It allows also to use the gauge ϕ− = 0. This gauge is algebraic and therefore
does not produce the Gribov ambiguity, at the same time it is manifestly Lorentz
invariant. This gauge does not lead to Gribov ambiguity, and it may be used beyond
perturbation theory. It goes without saying that one should prove the decoupling
of all unphysical degrees of freedom. It was done in the papers ([12], [13],[14], [15],
[16]), cited above.
The spectrum:
Ghost exitations: ϕ±, b, e, longitudinal and temporal components of A
a
µ
Physical exitations: three dimensionally transversal components of the Yang-Mills
field. The supersymmetry of the effective action together with BRST-invariance
generates a conserved nilpotent charge Q. Physical states are separated by the
condition
Q|ψ >ph= 0 (18)
The states separated by this condition describe only three dimensionally transversal
components of the Yang-Mills field. There exists an invariant subspace of states
annihilated by Q, which has a semidefinite norm ([12],[13]’[14]). For asymptotic
space this condition reduces to
Q0|φ >as= 0 (19)
The structure of the vectors, annihilated by the operators Q may be studied in the
following way. It is possible to introduce the operators K, satisfying the conditions
[Kˆ, Qˆ]+ = Nˆ (20)
where Nˆ is the number operator for the ghost particles. Any vector which contains
at least one ghost particle may be presented in the form
|χ >= [Kˆ, Qˆ]+
N
|χ >= KˆQˆ
N
|χ > +QˆKˆ
N
|χ > (21)
The first term is zero for the state vectors annihilated by Qˆ The second term has
zero norm. Any vector which satisfies the equation (18) has a form
|φ >as= |φ >tr +|N > (22)
where |φtr > is the physical Yang-Mills vector, having only transversal polarizations,
and |N > is a zero norm vector,which is proportional to Q|λ >. Factorizing the space
of the vectors, satisfying the equation (19), with respect to zero norm vectors we see
that the asymptotic space of our model coincides with the space of the Yang-Mills
theory.
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